PACS. 64.60My -Metastable phases. PACS. 64.60Cn -Order-disorder and statistical mechanics of model systems. PACS. 64.75+g -Solubility, segregation, and mixing.
When a liquid phase of some material is initially undercooled below its freezing point, by suddenly lowering its temperature, it becomes thermodynamically metastable. After nucleation of some solid germ has occurred, the fluid becomes unstable and undergoes a rapid evolution towards the new equilibrium state and a solidification process occurs. This non-equilibrium phenomenon can be described within the time-dependent Ginzburg-Landau formalism. In the present paper, based on a variation of model C in the classification of Hohenberg and Halperin or phase field model [1] , we study numerically the dynamics of the phase separation. Whereas models A and B have received a great deal of attention, the dynamical properties of the present model are not well studied. On general grounds and from the experience with models A and B one expects that the ordering process is characterized by some universal features, such as dynamical scaling and power-law-like behavior in some observables. However, as we shall see below, the phase field model does not clearly fits in one of the two models above and consequently there is no a priori indication about the appropriate scaling laws.
The model describes the adiabatic evolution of a pure material quenched initially below its melting temperature and therefore contains two fields: the scalar phase field φ(x, t) coupled to a dimensionless temperature field u(x, t) = c(T (x, t) − T m )/L), where T m is the melting temperature, L the latent heat of fusion, c the specific heat and T (x, t) is the local temperature. The field φ is an order parameter and represents a solid for φ = 0 and a liquid for φ = 1. Intermediate values correspond to the interface between these two phases. The evolution of the solid-liquid order parameter and of the thermal field and their mutual influence are studied within the approach suggested by Penrose and Fife [2] , who showed that, when the solid grows at the expense of the undercooled melt and no heat can flow to the outside, a thermodynamically consistent description is obtained if one employs a suitable entropy functional. In this letter we describe the phase separation dynamics using the kinetic equations of ref. [2] , [3] which are derived by simultaneous variations of the entropy functional with respect to the two fields. The evolution of φ obeys the following non-conserved order parameter dynamics:
In the absence of coupling to the temperature field, i.e. α = 0, eq. (1) 
supplemented by a second term which represents a source due to the heat released by the solid during the solidification process. The fields η φ and η u in eqs. (1), (2) are stochastic variables satisfying the fluctuation dissipation theorem. The function P (φ) = φ 3 (10−15φ+6φ 2 ) enforces the condition that the kinetic equations have two fixed points at φ = 0 and φ = 1 for every value of u [3] .
The three dimensionless constants appearing in eqs. (1), (2) are those defined by Wheeler et al. [4] , namely α = √ 2wL 2 /(12cσT m ), m = µσT m /(DL) and = δ/w, where δ is the intrinsic interfacial width, µ represents an interfacial mobility due to surface diffusion of the aggregating particles, D the thermal diffusivity and σ the surface tension. All lengths were measured in units w, the typical size of the domain, and times in units w 2 /D. We considered the coupled equations as noiseless, because for the scale of the phenomena we studied the noise turns out to be negligible. Equations (1), (2) were solved numerically on a square domain of side L x = 2.56 w with periodic boundary conditions, by employing a grid 256×256 and discretizing the Laplacian with a five-point formula. An explicit Euler integration scheme was used to advance the equations forward in time with a time step ∆t = 2 · 10 −5 . By choosing D = 0.155 cm 2 /s, w = 2.1 · 10 −4 cm, m = 0.0055, α = 400 and = 5 · 10 −3 , we mimicked a metal near its melting temperature as close as possible.
We have performed 15 numerical runs for each choice of parameters, in order to obtain reasonable statistical accuracy, starting from different initial conditions. The system was initially prepared in a non-uniform initial state mostly formed by an undercooled liquid containing 300 seeds of the solid phase randomly distributed. The thermal field u, instead, was chosen to be equal to ∆ (with ∆ < 0) everywhere but on the seeds where u = 0.
We have observed that in the phase field model during the early regime the grains grow at the expense of the melt; some grains disappear or coalesce while their number decreases strongly and the temperature tends to the coexistence temperature. After a characteristic time the area fraction of the solid nearly equals the undercooling in absolute value as required by eq. (2) . At this stage the system enters in the diffusion-controlled regime, in which the domain growth is mediated by the thermal field. No more solid can be formed and the process goes on because temperature gradients are still present. In fact, due to the curvature of the interfaces the temperature field is lower on the smallest drops. A heat flux will flow from the larger and hotter drops to the small ones, which melt, further decreasing their radius and consequently their temperature by the Gibbs-Thompson effect. An opposite fate is reserved to the large particles since by diffusing away the heat they can form new solid material, and increase their radius and their temperature. This is the way the system restores equilibrium, i.e. by suppressing all temperature gradients, and reduces the surface free energy.
Let us turn to illustrating our calculations for ∆ = −0.2 in some detail. One observes an early regime for t < τ = 0.5 during which the amount of solid material grows without being subject to conservation constraints, as one can see from the snapshots shown in fig. 1 . Afterwards, when the solid fraction has reached the value −∆, the domain growth takes place without production of new solid material and the change of the average solid domain, R(t), with time becomes much slower and is limited by heat diffusion.
In order to study the spatial evolution process, we have measured the structure factor S(k, t) = φ k (t)φ −k (t) , where φ k (t) is the two-dimensional Fourier transform of the field δφ(x, t) = φ(x, t) − φ, where φ is defined as the spatial average of φ. We also analysed the two-particle correlation function C(r, t) = δφ(r + r)δφ(r, t) , to identify the average radius of the drops, R(t), from the position of the first zero of the circularly averaged C(r, t).
Numerically, as one can see from fig. 2 , we find that the drop average radius increases as R ∼ (t/ ln t) 1/3 for t > τ , characteristic of a COP regime in two dimensions. The two-point correlation C(r, t) displays the expected data scaling behavior as shown in fig. 3 . In a recent exact solution of a vectorial O(n) model, which generalizes the phase field model to a large number of components, one of us reported the same kind of crossover from NCOP to COP [5] . The evolution of S(k, t), which is displayed in fig. 4 , shows that in the late time data collapse upon rescaling the wave vectors by R(t) −1 and the amplitude by R d (t).
An interesting feature of the growth emerges because the dynamical scaling looks similar to the one corresponding to a single conserved order parameter which is driven by curvature and is known as Lifshitz-Slyozov-Wagner (LSW) behavior.
The morphological properties are best seen by reconsidering the snapshots in fig. 1 . One sees that many drops for t < τ are not yet circular. Thus the system can further decrease its thermodynamic potential by forming circular domains. In order to do so, it has to increase the curvature of the domains and consequently decrease the average temperature. We stress that our results indicate that the solid islands grow with a nearly circular shape as expected for an evolution driven by the curvature of the interfaces and in some contrast with earlier findings by Collins et al. [6] , who found domain shapes which can be described as objects of nearly rectangular shape and sharp edges.
Finally, in the late stage the growth is diffusive and the average curvature decreases again because the growth becomes competitive, i.e. the larger particles grow and the small ones shrink. Monitoring the average temperature shift of the system during the growth, we observe (see fig. 4 ) a power law behavior u av ∼ t −1/3 , which can be understood by observing that u av is related to the average temperature on the interfaces, and thus depends on their curvatures through the Gibbs-Thompson effect since u ∼ 1/R.
Besides the dynamical scaling of the structure factor and of the correlation function, a central issue of the domain kinetics is the information contained in the evolution of the droplet distribution function. We measured such a distribution, i.e. the number of drops with radius between R and R + dR , in order to see whether the results can be described in the framework of the LSW theory, a cornerstone of the off-equilibrium studies. The distribution f (R, t) is shown in fig. 6 and scales dynamically, i.e. its shape is independent of time when all the radii are rescaled to R(t). Whereas f (R, t) relative to model B has been the object of several studies in the past and the LSW theory gives a fair account of its time dependence and shape, it has not been investigated previously in the case of the phase field model. We notice that the shape is somewhat different from the one predicted by LSW and from the shapes observed in numerical experiments by Chakrabarti et al. [7] . The distribution seems to be more extended towards larger values of its arguments and also displays a shoulder at values of the argument smaller than the maximum. Interestingly, a similar behavior was observed experimentally by Krichevsky and Stavans [8] .
In conclusion, we have studied the dynamics after a quench in temperature of a pure system undergoing a solidification process in an adiabatic non-isothermal environment. The coupling between the non-conserved order parameter field and the temperature field has a deep influence on the dynamical behavior of the former. We have established the existence of a scaling regime where the domains grow according to an R(t) ∼ t 1/3 law typical of COP systems. Moreover, S(k, t) and C(r, t) display a scaling form. In fact in the late-stage dynamics the solid fraction remains nearly constant, whereas the characteristic dimension of the domains grows, as one can observe in COP systems. The conservation law is the result of the fact that in this regime the suppression of small solid islands and the growth of large ones is driven solely by the exchange of heat flux which obeys a conservation law.
